Turtle Recursion, Trees

CS111 Computer Programming

Department of Computer Science

Wellesley College

Review: Turtle Graphics

Concepts in this slide:
A list of all useful
functions from the turtle
module.

Python has a built-in module named turtle. See the Python turtle

module API for details.

Use from turtle import * to use these commands:

fd(dist) turtle moves forward by dis/

bk (dist) turtle moves backward by dis/

1t (angle) turtle turns left wno/e degrees
rt(angle) turtle turns right azg/e degrees
pu() (pen up) turtle raises pen in belly
pd() (pen down) turtle lower pen in belly

pensize (width)

sets the thickness of turtle's pen to widi)

pencolor (color)

sets the color of turtle's pen to color

shape (shp)

sets the turtle's shape to s/p

home () turtle returns to (0,0) (center of screen)
clear() delete turtle drawings; no change to turtle's state
reset () delete turtle drawings; reset turtle's state
setup (width, height) create a turtle window of given widih and height
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Concepts in this slide:

A Simple Example with Turtle sy somnaes

-
4 Python Turtle Graphics

4

Tk window

The turtle module has its own graphics
environment that is created when we call the
function setup. All drawing happens in it.

that draw lines are £d and
bk.

from turtle import *

setup (400,400)
£d4(100)

1t (60)

shape ('turtle')
pencolor('red')
£d4(150)

rt(15)
pencolor('blue')
bk (100)

pu()

bk (50)

pd()

pensize (5)

bk (250)
pensize (1)

home ()
exitonclick()
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Looping Turtles (1)

Loops can be used in conjunction with turtles

Concepts in this slide:
The power of abstraction:
one function that creates a
myriad of different shapes.

to make interesting designs.

def polygon (numSides, sideLength):
""" Draws a polygon with the specified number
of sides, each with the specified length.

nun

Will solve this in the Notebook.

polygon (4,100)

polygon (6, 60) polygon (100, 3)

polygon(3,100)

polygon (5,75)

OO0

polygon(7,50)
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Looping Turtles (2)

def polyFlow(numPetals, petalSides, petallen):
"""Draws 'flowers' with numPetals arranged around
a center point. Each petal is a polygon with
petalSides sides of length petallen.

LIRIRT}

Will solve this in the Notebook.

polyFlow(7,4,80) polyFlow(10,5,75)

polyFlow(1l1l,6,60)
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Spiraling Turtles: A Recursion
Example

(G

spiral (200,90,0.9,10)

spiral (200,72,0.97,10) spiral (200,80,0.95,10)

Answer this:

How would you create these
shapes using loops?

Recursion makes easier solving
certain problems that involve a
repeating pattern.

spiral(200,121,0.95,15) spiral (200,95,0.93,10)
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Reminder: Structure of Recursion

All recursive functions must have two types of cases:

* BASE case: a simple case where the solution is obvious.
In this case the function does not invoke itself, since there is no
need to decompose the problem into subproblems. Somzetimes, we
can leave out the base case, if it doesn't do anything.

+ RECURSIVE case: a case where the problem
+ is decomposed into subproblems

* at least one of the subproblems is solved by invoking the
function being defined, i.e., the function is invoked in its
own body. You should assume the recursive function works
correctly for the smaller subproblems (this is known as
“wishful thinking”)

Recursion T

| fd (sidelen)

Spiraling Turtles: A Recursion Example

+ sideLen is the length of

def spiral (sidelen, angle, >
the current side

scaleFactor, minLength) : -

« angle is the amount the
turtle turns left to draw the
next side

"""Draw a spiral recursively."""

if sidelLen >= minLength: . scaleFactor is the

multiplicative factor
lt(angle) (between 0.0 and 1.0) by
spiral (sideLen*scaleFactor, which to scale the next side
angle + minLength is the
1 é. t smallest side length that the
sc_:a eractor, turtle will draw
minLength) .
400
320
500 spiral (625, 90, 0.8, 250)
256

625 Fruitful/Turtle Recursion 8




spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)

if sidelen >= minLength:
fd (sideLen)
1t (angle)
spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength)

Concepts in this slide:
Drawing function call

frames helps us follow the

execution of recursion.

spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)

if True:
fd (sideLen)
1t (angle)
spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength)
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spiral (625, 90, 0.8, 250) spiral (625, 90, 0.8, 250)
625 g 625
v
spiral (625, 90, 0.8, 250) spiral (625, 90, 0.8, 250)
if True: if True:
£d(625) £d(625)
1t (angle) 1t (90)
spiral (sideLen*scaleFactor, angle, spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength) scaleFactor, minLength)
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spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)

if True:
£d (625)
1t(90)
spiral (500, 90,

0.8, 250)
v

spiral (500, 90, 0.8, 250)

625

spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)

if True:
£d(625)
1t(90)
spiral (500, 90,

0.8, 250)
v

spiral (500, 90, 0.8, 250)

625

if sidelLen >= minLength: if True:
£d (sideLen) ) £d(sideLen)
1t (angle) 1t (angle)
spiral (sidelLen*scaleFactor, angle, spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength) scaleFactor, minLength)
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spiral (625, 90, 0.8, 250) 500 spiral (625, 90, 0.8, 250) 500
625 625
spiral (625, 90, 0.8, 250) spiral (625, 90, 0.8, 250)
if True: if True:
£d (625) £d(625)
1t(90) 1t(90)
spiral (500, 90, spiral (500, 90,
0.8, 250) 0.8, 250)
spiral (500, 90, 0.8, 250) spiral (500, 90, 0.8, 250)
if True: if True:
£d(500) £d4(500)
1t (angle) 1t(90)
spiral (sidelLen*scaleFactor, angle, E:$ spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength) scaleFactor, minLength)
Fruitful/Turtle Recursion 15 Fruitful/Turtle Recursion 16




spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)

if True:
£d (625)
1t(90)
spiral (500, 90,

0.8, 250)
v

spiral (500, 90, 0.8, 250)

if True:
£d(500)
1t(90)
spiral (400, 90,

=

0.8, 250)
v

spiral (400, 90, 0.8, 250)

if sideLen >= minLength:
fd (sideLen)
1t (angle)
spiral (sideLen*scaleFactor, angle,

spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)
if True:

£d(625)

1t(90)

spiral (500, 90,

0.8, 250)
v

spiral (500, 90, 0.8, 250)

if True:
£d4(500)
1t(90)
spiral (400, 90,

0.8, 250)
v

spiral (400, 90, 0.8, 250)

if True:

=) £d(sideLen)

1t (angle)
spiral (sideLen*scaleFactor, angle,

scaleFactor, minLength)

scaleFactor, minLength) Fruitful/Turtle Recursion 17 Fruitful/Turtle Recursion 18
400 400
-« —
spiral (625, 90, 0.8, 250) 500 spiral (625, 90, 0.8, 250) 500
625 625
spiral (625, 90, 0.8, 250) spiral (625, 90, 0.8, 250)
if True: if True:
£d(625) £d(625)
1t(90) 1t(90)
spiral (500, 90, spiral (500, 90,
0.8, 250) 0.8, 250)
spiral (500, 90, 0.8, 250) spiral (500, 90, 0.8, 250)
if True: if True:
£d(500) £d4(500)
1t(90) 1t(90)
spiral (400, 90, spiral (400, 90,
0.8, 250) 0.8, 250)
spiral (400, 90, 0.8, 250) spiral (400, 90, 0.8, 250)
if True: if True:
£d(400) £d(400)
= 1t (angle) 1t(90)
spiral (sideLen*scaleFactor, angle, E:$ spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength) Fruitful/Turtle Recursion 19 scaleFactor, minLength) Fruitful/Turtle Recursion 20




spiral (625,

spiral (625, 90, 0.

90, 0.8, 250)

8, 250)

if True:
£d (625)
1t(90)
spiral (500, 90,

0.8, 250)

v

spiral (500, 90, O.

8, 250)

if True:
£d(500)
1t(90)
spiral (400, 90,

0.8, 250)

v

spiral (400, 90, O.

8, 250)

500

625

spiral (320, 90, 0.8, 250)

spiral (625,

spiral (625, 90, 0.8, 250)

90, 0.8, 250)

if True:
£d(625)
1t(90)
spiral (500, 90,

if True:

if sideLen >= minLength:

£d(400) fd (sideLen)

1t(90) / 1t (angle)

spiral (320, 90, spiral (sideLen*scaleFactor, angle,
0.8, 250) scaleFactor, minLength)

0.8, 250)
v

spiral (500, 90, 0.8, 250)

if True:
£d4(500)
1t(90)
spiral (400, 90,

0.8, 250)
v

500

625
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0.8, 250)

spiral (400, 90, 0.8, 250) spiral (320, 90, 0.8, 250)
if True: if True:
£d(400) fd (sideLen)
1t(90) / 1t (angle)
spiral (320, 90, spiral (sideLen*scaleFactor, angle,

scaleFactor, minLength)
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spiral (625,

90, 0.8, 250)

400

320
500

625

spiral (320, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)
if True:
£d(625)
1t(90)
spiral (500, 90,
0.8, 250)
spiral (500, 90, 0.8, 250)
if True:
£d(500)
1t(90)
spiral (400, 90,
0.8, 250)
spiral (400, 90, 0.8, 250)
if True:
£d(400)
1t(90) /
spiral (320, 90,
0.8, 250)

if True:
£d(320)
1t (angle)
spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength)
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400
320
spiral (625, 90, 0.8, 250) 500
625
spiral (625, 90, 0.8, 250)
if True:
£d (625)
1t(90)
spiral (500, 90,
0.8, 250)
spiral (500, 90, 0.8, 250)
if True:
£d(500)
1t(90)
spiral (400, 90,
0.8, 250)
spiral (400, 90, 0.8, 250) spiral (320, 90, 0.8, 250)
if True: if True:
£d(400) £d(320)
1t(90) ______________-———-— 1t(90)
spiral (320, 90, spiral (sideLen*scaleFactor, angle,
0.8, 250) scaleFactor, minLength)
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spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)
if True:
£d (625)
1t(90)
spiral (500, 90,
0.8, 250)

spiral (500, 90, 0.8, 250)
if True:

£d(500)

1t(90)

spiral (400, 90,

400

320
500

625

spiral (256, 90, 0.8, 250
if sidelLen >= minLength:
fd (sideLen)
1t (angle)
spiral (sidelen*scaleFactor, angle,
scaleFactor, minLength)

0.8, 250)
v

spiral (400, 90, 0.8, 250)
if True:
£d(400)
1t(90)
spiral (320, 90,
0.8, 250)

————___‘______—J>

spiral (256, 90,

0.8, 250)
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spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)
if True:

£d(625)

1t(90)

spiral (500, 90,

0.8, 250)
v

spiral (500, 90, 0.8, 250)
if True:

£d4(500)

1t(90)

spiral (400, 90,

400

320
500

625

spiral (256, 90, 0.8, 250

if True:
fd (sidelen)
1t (angle)
spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength)

0.8, 250)
v

spiral (400, 90, 0.8, 250)
if True:

£d(400)

1t(90)

spiral (320, 90,

0.8, 250)

_——_———________-—?

1£(90)
spiral (256, 90,
0.8, 250)
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spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)
if True:
£d (625)
1t(90)
spiral (500, 90,
0.8, 250)

spiral (500, 90, 0.8, 250)

if True:
£d(500)
1t(90)
spiral (400, 90,

E:> 1t (angle)

400

320
500

256
_____4’>

625

spiral (256, 90, 0.8, 250
if True:
£d(256)

spiral (sidelen*scaleFactor, angle,
scaleFactor, minLength)

0.8, 250)
v

spiral (400, 90, 0.8, 250)

£d(400)

1£(90)

spiral (320, 90,
0.8, 250)

if True:

L fd(32(-J)

spiral (256, 90,
0.8, 250)
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spiral (625, 90, 0.8, 250)

spiral (625, 90, 0.8, 250)
if True:
£d(625)
1t(90)
spiral (500, 90,
0.8, 250)

spiral (500, 90, 0.8, 250)

if True:
£d4(500)
1t(90)
spiral (400, 90,

=

400

320
500

256

625

spiral (256, 90, 0.8, 250
if True:
£d(256)
1t (90)
spiral (sideLen*scaleFactor, angle,
scaleFactor, minLength)

0.8, 250)
v

spiral (400, 90, 0.8, 250)

£d(400)
1£(90)
spiral (320, 90,

if True:

—>

0.8, 250)

1£(90)
spiral (256, 90,
0.8, 250)
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400 400
320 320
spiral (625, 90, 0.8, 250) 256 500 spiral (625, 90, 0.8, 250) 256 500
625 625
spiral (625, 90, 0.8, 250) spiral (204.8, 90, 0.8, 250) spiral (625, 90, 0.8, 250) spiral (204.8, 90, 0.8, 250)
if True: I:> if sidelLen >= minLength: if True: if False:
£d (625) fd (sideLen) £d (625) fd (sideLen)
1t(90) 1t (angle) 1t (90) 1t (angle)
spiral (500, 90, spiral (sideLen*scaleFactor, angle, spiral (500, 90, spiral (sideLen*scaleFactor, angle,
0.8, 250) scaleFactor, minLength) 0.8, 250) scaleFactor, minLength)
spiral (500, 90, 0.8, 250) spiral (500, 90, 0.8, 250)
if True: if True:
£d(500) £d4(500)
1t(90) 1t(90)
spiral (400, 90, spiral (204.8, 90, spiral (400, 90, spiral (204.8, 90,
0.8, 250) 0.8, 250) 0.8, 250) 0.8, 250)
spiral (400, 90, 0.8, 250) spiral (400, 90, 0.8, 250)
if True: if True: 3
£d(400) L—» £d(320) £d(400) L= £d(320)
1t(90) / 1£(90) 1£(90) / 1t(90)
spiral (320, 90, spiral (256, 90, spiral (320, 90, spiral (256, 90,
0.8, 250) 0.8, 250) 0.8, 250) 0.8, 250)
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400 400
320 320
spiral (625, 90, 0.8, 250) 256 500 spiral (625, 90, 0.8, 250) 256 500
625 625
g.piral(625 90, 0.8, 250) Important g?iral(GZS 90, 0.8, 250)
if True: . i L if True:
£d(625) Initially all execution frames co-exist in £d(625)
1t(90) the memory. Only once a function has 1t(90)
spiral (500, 90, returned (implicitly), the execution spiral (500, 90,
0.8, 250) k 0.8, 250)
¢' frame is deleted. ‘l’
spiral (500, 90, 0.8, 250) spiral (256, 90, 0.8, 250 spiral (500, 90, 0.8, 250)
if True: if True: if True:
£d(500) £d (256) £d4(500)
1t(90) 1t(90) 1t(90)
spiral (400, 90, spiral (204.8, 90, spiral (400, 90,
0.8, 250) 0.8, 250) 0.8, 250)
spiral (400, 90, 0.8, 250) spiral (400, 90, 0.8, 250) spiral (320, 90, 0.8, 250)
if True: if True: if True:
£d(400) L—» £d(320) £d(400) £d(320)
1t(90) / 1£(90) 1t(90) / 1t(90)
spiral (320, 90, spiral (256, 90, spiral (320, 90, spiral (256, 90,
0.8, 250) 0.8, 250) 0.8, 250) 0.8, 250)
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400 400
320 320
spiral (625, 90, 0.8, 250) 256 500 spiral (625, 90, 0.8, 250) 256 500
625 625
spiral (625, 90, 0.8, 250) spiral (625, 90, 0.8, 250)
if True: if True:
£d(625) £d (625)
1t (90) 1t(90)
spiral (500, 90, spiral (500, 90,
0.8, 250) 0.8, 250)
spiral (500, 90, 0.8, 250) spiral (500, 90, 0.8, 250)
if True: if True:
£d4(500) £d(500)
1t(90) 1t(90)
spiral (400, 90, spiral (400, 90,
0.8, 250) 0.8, 250)
v =
spiral (400, 90, 0.8, 250)
if True:
£d(400)
1t(90)
spiral (320, 90,
0.8, 250) Fruitful/Turtle Recursion 33 Fruitful/Turtle Recursion 34
—=>
400 400
320 320
spiral (625, 90, 0.8, 250) 256 500 spiral (625, 90, 0.8, 250) 256 500
625 625
spiral (625, 90, 0.8, 250)
if True:
£d(625)
1t (90)
spiral (500, 90,
OR6HR250) Important
= !
All execution frames were one by one
deleted after their completion. This
terminates the invocation of the function
and has created as a “side-effect” the
turtle image at the top of the slide.
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Problem: Where is the turtle?

400

320

Start

To notice

The turtle started in one position on the
canvas and ended in another one (see
Start and End labels in the drawing). That
is not desirable, we want the turtle to be
back to its original position on its own.

Turtle

heading

< [oe]

y
penlsDown

Invariant Spiraling

A function is invariant relative to an object’s
state if the state of the object is the same
before and after the function is invoked.

Memory diagram for turtle

A Turtle object resembles a dictionary, it

has named properties that store their
values, as the picture shows.

def spiralBack(sidelLen, angle, scaleFactor, minLength):
""" Draws a spiral. The state of the turtle
(position, color, heading, etc.) after drawing
the spiral is the same as before drawing the spiral.

LLRIRT]

Fruitful/Turtle Recursion
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Fruitful/Turtle Recursion 37 Fruitful/Turtle Recursion 38
o 400 T
How d iralBack work? | -z
OW doe€s spiralback work: 1 [ H
p L a0 2 Essence of Invariance
: s00 2
' 256 I
spiralBack (625, 90, 0.8, 250) 625 E g {Do state change 1 3
R — : Do state change
spiralBack (625, 90, 0.8, 250) spiralBack(204.8, 90, 0.8, 250) :
iffz:(:::é) . angle iffga(l§z: sideren . 3 3 Perform changes to state
sideLen 1 _ |
1t(90) [ — 3 Do state change n-1
®spiralBack (500, 90, 0.8, 250) spiralBack (sideLen*scaleFactor,..) : Do state change
rt(angle) rt (angle)
bk (sideLen) bk (sidelen)
= spiralBack (500, 90, 0.8, 250) spiralBack (256, 90, 0.8, 250 )& Recursive call to function
if True: ; - - if True: . - -
sideLen | 500 angle sidelLen | 256 angle
£d4(500) - g m £d (256) - & m ; )
1t(90) 1t(90) i Undo state change n i
® spiralBack (400, 90, 0.8, 250) spiralBack(204.8, 90, 0.8, 250) @ : :
rt (angle) rt (angle) Undo state change n-1 Und h
bk (sideLen) bk (sideLen) : | ndo state changes
> spiralBack (400, 90, 0.8, 250) spiralBack (320, 90, 0.8, 250 iIl o osite order
if True: e, . if True: < ideren o le iUndo state change 2 ; PP
£4(400) sideLen angle £4(320) g. IU 4 tat h 1 :
+ Un n 1
1t(90) 1£(90) i O state change 3
spiralBack (320, 90, 0.8, 250) @ spiralBack (256, 90, 0.8, 250) @ ITTTTTTmmTTmTmmmmmmmmmmmmmsmmmsomsomsomomomonee e
rt(angle) rt(angle)
bk (sideLen) bk (sideLen) Fruitful/Turtle Recursion 40




Drawing Trees with Recursion

To notice
In this drawing, the turtle is back in its
original position. That is, the tree was

drawn by an invariant function.
Fruitful/Turtle Recursion 41

Trees

t//

N

tree(7, 75, 30, 0.8)

ESES

tree(7, 75, 15, 0.8)

s o

|
£HES

o |

Erh Erd Bl B

EE

B R

i
el | o
sk o

ELL RN | L

tree (10, 80, 45, 0.7)

tree (10, 100, 90, 0.68)
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Draw a tree recursively

tree (levels, trunklen, angle, shrinkFactor)

* levels is the number of branches on any path from the root
to a leaf

* trunkLen is the length of the base trunk of the tree
+ angle is the angle from the trunk for each subtree
+ shrinkFactor is the shrinking factor for each subtree
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How to make a 4-level tree:
tree (4, 100, 45, O.

/ with 60% trunks
set at 45%angles

Step 1 Make a trunk
of size 100

6)

and two
3-level trees

Step 2
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with 60% trunks
set at 45°angles
How to make a 3-level tree:

tree(3, 60, 45, 0.6)

Make a trunk
of size 60

Tlevel ¢
Ve How to make a 2-level tree:
with 60% trunks

Make a trunk setat45%ngles tree (2 ’ 36 ’ 45 ’ 0. 6) 3
of size 36 :

How to make a 1-level tree:
tree(l, 21.6, 45, 0.6)
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def tree(levels, trunkLen, angle, shrinkFactor):
"""Draw a 2-branch tree recursively.

levels: number of branches on any path

from the root to a leaf
trunkLen: length of the base trunk of the tree
angle: angle from the trunk for each subtree
shrinkFactor: shrinking factor for each subtree

wnn

if levels > 0:
# Draw the trunk.
fd (trunkLen)
# Turn and draw the right subtree.
rt(angle)
tree (levels-1, trunkLen*shrinkFactor, angle, shrinkFactor)
# Turn and draw the left subtree.
1t (angle * 2)
tree (levels-1, trunkLen*shrinkFactor, angle, shrinkFactor)
# Turn back and back up to root without drawing.
rt (angle)
pu()
bk (trunkLen)

pd() Fruitful/Turtle Recursion 46

Tracing the invocation of
tree(3,60,45,0.6)

tree(3,60,45,0.6)
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Draw trunk and turn to draw level 2 tree

tree(3,60,45,0.6)

£d (60)
rt(45)
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Begin recursive invocation to draw level 2 tree

tree(2,36,45,0.6)

tree(3,60,45,0.6)

£d (60)
rt(45)

/
/

tree(2,36,45,0.6)/

Draw trunk and turn to draw level 1 tree

tree(2,36,45,0.6)

£4(36)
rt(45)

tree(3,60,45,0.6)

£d(60)
rt(45)

1
i

tree(2,36,45,0.6)

Fruitful/Turtle Recursion 50
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Begin recursive invocation to draw level 1 tree Draw trunk and turn to draw level 0 tree
tree(1,21.6,45,0.6) tree(1,21.6,45,0.6)
£d(21.6)
rt(45)
tree(2,36,45,0.6) tree(2,36,45,0.6)
N 1
£d(36) , £4(36) ,/
rt(45) 4 rt(45)
tree(1,21.6,45,0.6)/ tree(1,21.6,45,0.6)/
1 E
1 1
1 I
1 1
tree(3,60,45,0.6) tree(3,60,45,0.6)
£4(60) , £d(60) ,
rt(45) ' rt(45) /
tree(2,36,45,0.6)/ tree(2,36,45,0.6)
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Begin recursive invocation to draw level 0 tree

tree(3,60,45,0.6)

tree(2,36,45,0.6)

£d(36)
rt(45)
tree(1,21.6,45,0.6)/

£d (60)

/

rt(45) l

tree(2,36,45,0.6)/

tree(1,21.6,45,0.6)

N4

£d(21.6)
rt (45)
tree(0,12.96,45,0.6) -

Complete level 0 tree and turn to draw another level 0 tree

tree(3,60,45,0.6)

£d(60)

1

rt(45) U

tree(2,36,45,0.6)

1

1
1

tree(2,36,45,0.6)

£4(36)
rt(45)
tree(1,21.6,45,0.6)/

tree(1,21.6,45,0.6)

N4

£d(21.6)

rt (45)
tree(0,12.96,45,0.6) -
1t(90)

Fruitful/Turtle Recursion 53 Fruitful/Turtle Recursion 54
Begin recursive invocation to draw level 0 tree Complete level 0 tree and return to starting position of level 1 tree
tree(1,21.6,45,0.6) tree(1,21.6,45,0.6)
£d(21.6) £d(21.6)
rt(45) rt(45)
tree(0,12.96,45,0.6) -f»: tree(0,12.96,45,0.6) -}
1£(90) 1£(90)
tree(2,36,45,0.6) tree(0,12.96,45,0.6) .} tree(2,36,45,0.6) tree(0,12.96,45,0.6) -}
4 A rt(45)
£d(36) L £d(36) L
rt(45) rt(45) bk (21.6)
tree(1,21.6,45,0.6)/ tree(1,21.6,45,0.6)/
I
1
tree(3,60,45,0.6) tree(3,60,45,0.6)
£4(60) , £d(60) ,
rt(45) ' rt(45) /
tree(2,36,45,0.6)/ tree(2,36,45,0.6)
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Complete level 1 tree and turn to draw another level 1 tree

tree(3,60,45,0.6)

tree(2,36,45,0.6)

£d(36)
rt(45)
tree(1,21.6,45,0.6)/
1t(90)

£d(60)
rt(45) 1
tree(2,36,45,0.6)/

I

tree(1,21.6,45,0.6)

£d(21.6)
rt(45)

tree(0,12.96,45,0.6) -

1t(90)

tree(0,12.96,45,0.6) .lp:

Begin recursive invocation to draw level 1 tree

tree(3,60,45,0.6)

£d(60)
rt(45) 1
tree(2,36,45,0.6)

1

1

tree(2,36,45,0.6)

A

£d(36)
Tt (45)
tree(1,21.6,45,0.6)/
1t(90)
tree(1,21.6,45,0.6),

tree(1,21.6,45,0.6)

£d(21.6)
rt(45)
tree(0,12.96,45,0.6) -
1t(90)
tree(0,12.96,45,0.6) .
rt(45)

bk (21.6)

tree(1,21.6,45,0.6)

Fruitful/Turtle Recursion 57 Fruitful/Turtle Recursion 58
Draw trunk and turn to draw level 0 tree Complete two level 0 trees and return to starting position of level 1 tree
tree(1,21.6,45,0.6) tree(1,21.6,45,0.6)
I'£4(21.6) I £4(21.6)
! rt (45) I rt(45)
! tree(0,12.96,45,0.6) -4 | tree(0,12.96,45,0.6) -
:lt(90) 11t (90)
tree(2,36,45,0.6) Jtree(o,12.9s,45,o.a)..- tree(2,36,45,0.6) Jtree(0,12.96,45,0.6).
£d(36) LA r]t((:? £d(36) il r:(‘zli)
zt(45) (i s I rt(45) s
tree(1,21.6,45,0.6)/ tree(1,21.6,45,0.6) tree(1,21.6,45,0.6)/ tree(1,21.6,45,0.6)
1t(90) £4(21.6) 1t(90) £d(21.6)
tree(1,21.6,45,0.6) Tt (45) 4 tree(1,21.6,45,0.6) rt(45)
N /) tree(0,12.96,45,0.6) -|»is
o /  1£(90)
tree(3,60,45,0.6) tree(3,60,45,0.6) / tree(0,12.96,45,0.6) |1
£d(60) , £d(60) , rt(45)
rt(45) 1 rt(45) ’ bk (21.6)
tree(2,36,45,0.6)/ tree(2,36,45,0.6)
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Complete level 1 tree and return to starting position of level 2 tree

tree(3,60,45,0.6)

£d (60)

I

rt(45) 1

tree(2,36,45,0.6)/

I'£da(21.6)
! rt (45)
! tree(0,12.96,45,0.6) -
! 1t(90)
tree(2,36,45,0.6) Jtree(0,12.96,45,0.6)..'
£d(36) ’,'gg?e)
rt(45) | :
tree(1,21.6,45,0.6)/
1£(90) f
{ tree(1,21.6,45,0.6) [ 1.¢ (45 h
/| =t (45 \ Vtree(0,12.96,45,0.6) -4
/| bk (36) “d 16090 1
tree(0,12.96,45,0.6) -4»z
rt(45) I
| bk(21.6) I

tree(1,21.6,45,0.6)

Complete level 2 tree and turn to draw another level 2 tree

tree(1,21.6,45,0.6)

£d(36)

£d(21.6)

rt(45)
tree(0,12.96,45,0.6) -
1t(90)
tree(0,12.96,45,0.6) .
rt(45)

1
£t(45) K | bk (21.6)
tree(1,21.6,45,0.6)/
1t(90) 1 Vfda(e1.6)
tree(1,21.6,45,0.6) | | r¢(45)
rt(45) W Vtree(0,12.96,45,0.6) Az
bk (36) 1 \‘l 1£(90)
tree(3,60,45,0.6) ) ~—TTTTTTTTT" tree(0,12.96,45,0.6) -
1
£4(60) | rt(45)
rt(45) ’ | Pk (21.6)
tree(2,36,45,0.6¢)' \ TS TT=T======
1t(90)

Fruitful/Turtle Recursion 61 Fruitful/Turtle Recursion 62
Draw trunk and turn to draw level 1 tree Draw trunk and turn to draw level 0 tree
tree(1,21.6,45,0.6) tree(1,21.6,45,0.6)
I£4(21.6) £d4(21.6)
! rt (45) rt(45)
! tree(0,12.96,45,0.6) -4 tree(0,12.96,45,0.6) -
:1t(90) 1t(90)
tree(2,36,45,0.6) Jtree(o,12.9s,45,o.s)..- tree(2,36,45,0.6) tree(0,12.96,45,0.6) .
I £d(36) 1 s £4(36) e
|zt (45 ¥ | bk (21.6) ! £t (45) ) | bk (21.6)
| tree(1,21.6,45,0.6) | _tree(l,21.6,45 _ tree(1,21.6,45,0.6)/
!1t(90) 1 Vfaqei.e) 1 1t(90) 1 Veda(e1.6)
Jltree(l,2146,45,0A6)\| 1t (a5) | tree(1,21.6,45,0.6) | |yt (45)
Sy EEEs) v Vtree(0,12.96,45,0.6) - rt(45) W Vtree(0,12.96,45,0.6) Az
/ ) bk (36) 1% 1690 1 bk (36) )
tree(3,60,45,0.6) | TT T T T —T=-==== tree(0,12.96,45,0.6) -4»i tree(3,60,45,0.6) / TTTTTTTTT =" Itree(0,12.96,45,0A6)-
£d(60) , | FE(45) ! £d(60) , rt(45)
rt(45) / | bk(21.6) ! rt(45) ' | PK(21.6)
tree(2,36,45,0.6)' | TS TTT======= tree(2,36,45,0.6) :r;e_(l_,z_l._s,_AS_,O_.G_)_
1t(90) 1t(90)
£d(21.6)
tree(2,36,45,0.6), tree(2,36,45,0.6),
| \ rt (45)
\ \
tree(2,36,45,0.6) tree(2,36,45,0.6)
\ N
v | £d4(36) \ | £4(36) 7
' | =t (45) | =t 45)
A { tree(1,21.6,45,0.6)”
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Complete two level 0 trees and return to starting position of level 1 tree
tree(1,21.6,45,0.6)

I'£da(21.6)
rt (45)

tree(0,12.96,45,0.6) -
' 1e(90)
! iree(0,12.96,45,0.6) dp:
A reas)

1
7’

£t (45) ;, bk (21.6)

1

1

1

tree(2,36,45,0.6)

£d(36)

1

1

I tree(1,21.6,45,0.6)/
11t (90)
4

I'£d(21.6) 1
tree(1,21.6,45,0.6) | | ¢ (45 |
1
/| EE(45) W Vtree(0,12.96,45,0.6) 4
/| bk (36) 1 ‘ﬁ' 1t(90) 1
tree(3,60,45,0.6) / 'TTTTTTTT === | tree(0,12.96,45,0.6) 4
£d (60) , Irt(45) 1
rt(45) ' | bk (21.6) 1
tree(2,36,45,0.6) tree(1,21.6,45,0.6)
1t(90)
£4(21.6
tree(2,36,45,0.6), rt:45) )
\
\ tree(0,12.96,45,0.6) -{*
tree(2,36,45,0.6) 1t(90)
\ | tree(0,12.96,45,0.6) -}
B | 2t (as)
\| TE(45) bk (21.6)
{ tree(1,21.6,45,0.6)"
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Complete level 1 tree and turn to draw another level 1 tree
tree(1,21.6,45,0.6)

£d(21.6)
rt(45)
tree(0,12.96,45,0.6) -
1t(90)
tree(0,12.96,45,0.6) .
rt(45)

£d(36)

1
rt (45) A y Dk (21.6) 1
tree(1,21.6,45,0.6)/
1t(90) I Tza(21.6)
tree(1,21.6,45,0.6) | |yt (45)
rt(45) W Vtree(0,12.96,45,0.
bk (36) 1 ‘,{ 1£(90)
tree(3,60,45,0.6) ) ~—TTTTTTTTT" tree(0,12.96,45,0.
£d(60) E rt (45)
Tt (45) / | PE(21.6)
tree(2,36,45,0.6)
1£(90)
£d4(21.6
tree(2,36,45,0.6), rt§45) )
\
\ tree(0,12.96,45,0.
tree(2,36,45,0.6) 1t(90)
\ tree(0,12.96,45,0.
N 1t as)
|| £E(45) bk (21.6)
4 tree(1,21.6,45,0.6)/ e e e e e e e - = ]
1£(90)
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Draw trunk and turn to draw level 0 tree
tree(1,21.6,45,0.6)

I'£da(21.6)
rt (45)

tree(0,12.96,45,0.6) --
' 1e(90)
! iree(0,12.96,45,0.6) dp:
A reas)

1
7’

£t (45) ;, bk (21.6)

1

1

1

tree(2,36,45,0.6)

£d(36)

1

1

I tree(1,21.6,45,0.6)7
11t (90)
4

I'£4(21.6)
tree(1,21.6,45,0.6) | | ¢ (45
1
/) Tees) W !tree(0,12.96,45,0.6) -
/| bk (36) 1 ‘ﬁ' 1t(90)
tree(3,60,45,0.6) | TT T T T —T=-==== tree(0,12.96,45,0.6) -4-»:
£d(60) , rt(45)
rt(45) ' | bk (21.6)
tree(2,36,45,0.6)/
1t(90) i
fd(21.6
tree(2,36,45,0.6), .rtqu) )
\
\ | tree(0,12.96,45,0.6) 4>
! 1e(90)

tree(2,36,45,0.6)

tree(0,12.96,45,0.6) -+

\ £d(36) AN s

\| TE43) bk (21.6)

4§ tree(1,21.6,45,0.6)7 L 1
1£(90) tree(1,21.6,45,0.6)
tree(1,21.6,45,0.6), £d(21.6)

rt(45)
N
u
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Complete two level 0 trees and return to starting position of level 1 tree
tree(1,21.6,45,0.6)

£d(21.6)
rt(45)
tree(0,12.96,45,0.6) -
1t(90)
tree(0,12.96,45,0.6) .
rt(45)

£d(36)

1
ct(15) )
tree(1,21.6,45,0.6)/
1£(90) | Tfa(z1.6)
tree(1,21.6,45,0.6), | | ;¢ (45)
rt(45) W Vtree(0,12.96,45,0.
bk (36) 1M 1t (90)

tree(3,60,45,0.6) ) "~ T TTTTTTTT" b tree(0,12.96,45,0.

£d (60) ' rt(45)
| bk (21.6)

rt(45) 1
tree(2,36,45,0.6)
1t(90)
tree(2,36,45,0.6),
\
\

£d(21.6)

rt(45)
tree(0,12.96,45,0.
1t(90)

tree(2,36,45,0.6)
tree(0,12.96,45,0.

v | £4(36) 1 1t (a5)
Y| re45) bk (21.6)
tree(1,21.6,45,0.6)7 e e e e e e e = 1
1£(90) tree (1,21.6,45,0.6)
tree(1,21.6,45,0.6), £d(21.6)

rt(45)

‘x tree(0,12.96,45,0.6) -
1t(90)
tree(0,12.96,45,0.6) -
rt(45)

bk (21.6) Fruitful/Turtle Recursion ~ 68
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Complete level 1 tree and return to starting position of level 2 tree

£d(36) S

! 1

I rt (45) e
| tree(1,21.6,45,0.6)/

! 1t(90) |
4 tree(1,21.6,45,0.6)
'V e (45) N
/ 1 bk (36) 1

tree(3,60,45,0.6)

tree(1,21.6,45,0.6)

£d(21.6)
rt(45)

tree(0,12.96,45,0.6) -
1t(90)
tree(0,12.96,45,0.6) .1,
rt(45)

bk (21.6)

I'£4(21.6)
:rt(45)
|

tree(0,12.96,45,0.6) -d»22z

1t(90)
tree(0,12.96,45,0.6) -

£d(60) , rt(45)
rt(45) ’ | PK(21.6)
tree(2,36,45,0.6)/
1t(90) i
£d4(21.6)
tree(2,36,45,0.6)\\ 'rt(ds)
\ :tree(0,12.96,45,0.6)'
tree(2,36,45,0.6) 1 1t(90)
\ 2a(36) A tree(0,12.96,45,0.6) -
\
\ | zt(45) Creas
\ bk (21.6)
{ tree(1,21.6,45,0.6)/
1t(90) ;
tree(1,21.6,45,0.6), | £d(21.6) 1
rt(45) g TEA5) 1
bk (36) Ny tree(0,12.96,45,0.6) 4
| 1E(90) 1
| tree(0,12.96,45,0.6) L
| FE(45) I
| bk(21.6) 1
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Complete level 2 tree and return to starting position of level 3 tree

tree(3,60,45,0.6)

£d(60)
rt(45)
tree(2,36,45,0.6)/
1t(90)
tree(2,36,45,0.6),
rt(45)

bk (60)

\
\

1
i

tree(1,21.6,45,0.6)

£d(21.6)
rt(45)

tree(0,12.96,45,0.6) -
1t(90)
tree(0,12.96,45,0.6) .\,
rt(45)

£d(36) L2 V(216
rt(45) e e L
tree(1,21.6,45,0.6)/ tree(l,21.6,45,0.6)
1t(90) 1 Vfda(e1.6)
tree(1,21.6,45,0.6) | | rt(45)
Tt (45) W Vtree(0,12.96,45,0.6) -4
bk (36) 1 ‘,{ 1t(90)
"""""" tree(0,12.96,45,0.6) -
rt(45)
Ibk(21.6)

£d(21.6)
rt(45)

tree(0,12.96,45,0.6) *F
1t(90)
tree(0,12.96,45,0.6) -

£d(36) £t (45)
Tt (45) A 'bk(21.6)
tree(1,21.6,45,0.6) ) Jo = o m oo oo o oo
1t(90) _tree(l,21.6,45,0.6) _
tree(1,21.6,45,0.6)y) | £d(21.6) 1
rt(45) Y 'rts) 1
bk (36) | Vd tree(0,12.96,45,0.6) -h
----------- 1t(90) 1

tree(0,12.96,45,0.6) -lpymine

rt(45) 1

| pE(21.6) ! Fruitful/Turtle Recursion
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Trace the invocation of

tree (3, 60, 45, 0.6)<:>

Veq(21.6) 1
1 rt (45) 1
! tree(0,12.96,45,0.6) -4
:1t(90) 1
tree(2,36,45,0.6) Jtree(o,12.9s,45,o.s) A
___________ ’
AT, .
| re(45) L, 1
| tree(1,21.6,45,0.6) tree(l,21.6,45,0.6) _
T1t(90) £d(21.6)
4 tree(1,21.6,45,0.6) rt(45)
1
/| EE(45) W 'tree(0,12.96,45,0.6) -
1 Pk(36) 1 ‘ﬁ' 1£(90)
tree(3,60,45,0.6) / 'TTTTTTTT === tree(0,12.96,45,0.6) -b-
£d(60) , rt(45)
rt(45) / | bk (21.6)
tree(2,36,45,0.6) ‘tree(l,21.6,45,0.6)
L16(90) L2l 08 -
£4(21.6
tree(2,36,45,0.6), Irt§45) )
rt(45) \ 1
tree(0,12.96,45,0.6)
bk (60) \ e as 06 '1?(:!;), ,45, )
tree (2, , ,0.
FooomEee- ,JI tree(0,12.96,45,0.6) -H
Y, Haes 1,77 £t (4s)
\] rt(45) a1 bk (21.6)
d tree(1,21.6,45,0.6)/ R e i I
11t (90) ree(l1,21.6,45,0.6) _
| tree(1,21.6,45,0.6) £d(21.6)
I rt (45) N | TEUS)
:bk(36) | N tree(0,12.96,45,0.6) -

tree(1,21.6,45,0.6)

1t(90)

tree(0,12.96,45,0.6) -1,

Tt (45)
bk (21.6) 1
I 4

@ Tillin the
BLANK

1 Be the turtle,
draw the tree,
label trunks with @).
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Random Trees

def treeRandom(length, minLength, thickness, minThickness,
minAngle, maxAngle, minShrink, maxShrink) :
if (length < minLength) or (thickness < minThickness): # Base case
pass # Do nothing
else:
anglel = random.uniform(minAngle, maxAngle)
angle2 = random.uniform(minAngle, maxAngle)
shrinkl = random.uniform(minShrink, maxShrink)
shrink2 = random.uniform(minShrink, maxShrink)
pensize (thickness)
fd (length)
rt(anglel)
treeRandom(length*shrinkl, minLength, thickness*shrinkl,
minThickness, minAngle, maxAngle, minShrink, maxShrink)
1t (anglel + angle2)
treeRandom(length*shrink2, minLength, thickness*shrink2,
minThickness, minAngle, maxAngle, minShrink, maxShrink)
rt(angle2)
pensize (thickness)
bk (length) Fruitful/Turtle Recursion 73




