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A New Wrinkle on Recursion

o Recursion is a solution technique that is effective when a
problem can be divided into smaller subproblems of the
same shape.

o First, we studied cases with no  bagelsTowall();
parameters and no returned

.V.‘V.‘V." N
values. W WP
o Then we studied recursive tree(4,20,40,0.7);

methods with parameters. Y Y @

o Today we study recursion using
both parameters and returned
values. We'll see examples from
BuggleWorld, TurtleWorld, and
PictureWorld.

triangleDesign(4,red,blue) ;
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DistanceWorld

Diana buggle wants to find the number
of steps to the wall and go back to her >
original position without leaving a trail.

For simplicity, assume Diana's brush is
up before she starts.

public class DistanceWorld extends BuggleWorld {
public void run() {
DistanceBuggle diana = new DistanceBuggle();
diana.brushUp();
System.out.printin(diana.stepsToWall());

}
}

public class DistanceBuggle extends Buggle {
public int stepsToWall() { ... }

}
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stepsToWall(): Case Analysis

>

0 What is the base case for this problem?

o In the general case:
(1) Divide: how is the problem made smaller?

(2) Conquer: how are the smaller problems solved?
(3) Glue: how is the solution to the whole problem

obtained from the solution(s) to the smaller problem(s)?
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Implementing stepsToWall() in Java

// Returns the number of cells between this buggle and the wall
// it is facing, *excluding* the cell it is in.
// Maintains position, heading, color, and brush state of

// buggle as invariants.
public int stepsToWall() {
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Sample JEM (Joined in Progress)
Object | DistanceWorld Gw> Dis‘runceBuggle

i >
color

brushDown
»run()
Execution this diana
Land DistanceBuggle diana = i
(DBD.brushup () ;
-» System.out.println(diana.stepsToWall()) ;
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The First Invocation

Object
Land

DistanceWorld DistanceBuggle

_ e

heading

color

brushDown

Execution
Land

»run()

this diana

DistanceBuggle diana = mew DistanceBuggilet);

((DBD.brushup () ;

System.out.println (. stepsToWall()) ;

} else {

forward() ;

int steps = stepsToWall();
backward () ;

return l+steps;}
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Making the Problem Smaller
Object | DistanceWorld Gw> Dis‘ranceBuggle
position
heading
color
brushDown
'run()
. this diana
Execution : - '
Land DistanceBuggle diana = i
(DBD.brushup () ;
System.out.println (. stepsToWall()) ;
@B stepsTowall(): /
this
if (false){
return 0;
} else {
forward() ;
> int steps = stepsToWall();
backward() ;
return l+steps;}
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Smaller Again

Object Dis‘ranceWorld DistanceBuggle
position
heading '
color
brushDown
'run()
. this diana
Execution
Land DistanceBuggle diana = mew DistanceBuggiet)+
((DBD.brushup () ;
System.out.println (. stepsToWall()) ;
stepsToWall(); stepsToWall();
if (false){ if (false){
return 0; return 0;
} else { } else {
forward() ; f forward() ;
int steps = stepsToWall ()| »int steps = stepsToWall ()
backward() ; backward() ;
return l+steps;} return l+steps;}
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Even Smaller
Object Dis‘ranceWorld DistanceBuggle
position
heading '
color
brushDown
'run()
. this diana
Execution
Land DistanceBuggle diana = mew DistanceBuggiet)+

(05D . brushup () ;
System.out.println (. stepsToWall()) ;

stepsToWall(); stepsToWall();

stepsToWall()

this steps I:] this l‘ steps l ‘ this l‘

if (false){ if (false){ if (false){

return 0; return 0; return 0;

} else { } else { } else {

forward() ; f forward() ; j forward() ;

int steps = stepsToWall (). int steps = stepsToWall () > int steps = stepsToWall ()
backward() ; backward() ; backward () ;

return l+steps;} return l+steps;} return l+steps;}
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Reaching the Base Casel

Object
Land

Execution
Land

DistanceWorld DistanceBuggle

_ e

heading

>

color

brushDown

‘Iﬂ'rUM)

this

diana

DistanceBuggle diana = mew DistanceBuggilet);
((DBD.brushup () ;
System.out.println (. stepsToWall()) ;

(@B .stepsToWall();
this

4p if (isFacingWall()){

return 0;

} else {

forward() ;
int steps = stepsToWall()

stepsToWall(); stepsToWall();

O;
return l+steps;}

stepsToWall()

this steps I:] this l‘ steps l ‘

this l‘ steps l ‘

int steps = stepsToWall ()| int steps = stepsToWall ()-
backward() ; backward() ;
return l+steps;} return l+steps;}

if (false){ if (false){ if (false){
return 0; return 0; return 0;
} else { } else { } else {

forward() ; f forward() ; j forward() ;

int steps = stepsToWall()
backward() ;
return l+steps;}
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Executing the True Clause in the Base Case

Object
Land

Execution
Land

DistanceWorld DistanceBuggle

_ e

heading

>

color

brushDown

‘Iﬂ'rUM)

this

diana

DistanceBuggle diana = mew DistanceBuggilet);
(05D . brushup () ;
System.out.println (. stepsToWall()) ;

(©B) stepsToWall();
this
if (true){

1> return 0;

} else {

forward() ;
int steps = stepsToWall()

stepsToWall(); stepsToWall();

O;
return l+steps;}

stepsToWall()

this l‘ steps l ‘

this steps I:] this l‘ steps l ‘
if (false){ if (false){

return 0; return 0;

} else { } else {

forward() ; f forward() ;

int steps = stepsToWall ()| int steps = stepsToWall ()

backward() ; backward() ;

if (false){
return 0;
} else {

j forward() ;
int steps = stepsToWall()
backward () ;

return l+steps;} return l+steps;}

return l+steps;}
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Returning From the Base Case

Object
Land

DistanceWorld DistanceBuggle

_ e

heading

color

brushDown

Execution
Land

‘Iﬂ'rUM)

this

diana

DistanceBuggle diana = mew DistanceBuggilet);
((DBD.brushup () ;
System.out.println (. stepsToWall()) ;

stepsToWall()

stepsToWall(); stepsToWall();

thi steps I:] this l‘ steps l ‘

this l‘ steps l ‘

if (false){ if (false){ if (false){
return 0; return 0; return 0;

} else { } else { } else {
forward() ; f forward() ; j forward() ;

int steps = stepsToWall ()| int steps = stepsToWall ()- »int steps = 0;
backward () ; backward () ; backward() ;
return l+steps;} return l+steps;} return l+steps;}
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Saving the Solution to the Subproblem

Object
Land

Execution
Land

DistanceWorld DistanceBuggle

_ e

heading

color

brushDown

‘Iﬂ'rUM)

this

diana

DistanceBuggle diana = mew DistanceBuggilet);
(05D . brushup () ;
System.out.println (. stepsToWall()) ;

stepsToWall()

stepsToWall(); stepsToWall();

thi steps I:] this l‘ steps l ‘ this l‘ steps l 0 ‘
if (false){ if (false){ if (false){

return 0; return 0; return 0;

} else { } else { } else {

forward() ; f forward() ; j forward() ;

int steps = stepsToWall ()| int steps = stepsToWall () int steps = 0;
backward() ; backward() ; H»backward () ;

return l+steps;} return l+steps;} return l+steps;}
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Backing Up

Object
Land

DistanceBuggle

DistanceWorld

position

heading

color

brushDown

Execution
Land

‘Iﬂ'rUM)

this

diana

DistanceBuggle diana = mew DistanceBuggilet);
((DBD.brushup () ;
System.out.println (. stepsToWall()) ;

stepsTowall();

stepsToWall()

stepsToWall();

Thisl‘ s‘repsl 0 ‘

thi steps I:] this l‘ steps l ‘
if (false){ if (false){

return 0; return 0;

} else { } else {

forward() ; f
int steps = stepsToWall ()|
backward () ;
return l+steps;}

backward () ;
return l+steps;}

forward() ; j
int steps = stepsToWall ()-

if (false){
return 0;
} else {
forward() ;
int steps = 0;
backward() ;

[P return l+steps;}
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About to Return From the Penultimate Case

Object
Land

Execution
Land

DistanceWorld DistanceBuggle

position

heading

color

brushDown

‘Iﬂ'rUM)

this

diana

DistanceBuggle diana = mew DistanceBuggilet);
(05D . brushup () ;
System.out.println (. stepsToWall()) ;

stepsTowall();

stepsToWall()

stepsToWall();
i this l‘ steps l ‘

Thisl‘ s‘repsl 0 ‘

thi steps I:]

if (false){ if (false){
return 0; return 0;

} else { } else {

forward() ; f forward() ;

int steps = stepsToWall ()| int steps = stepsToWall ()
backward() ; backward() ;

L/

return l+steps;} return l+steps;}

if (false){
return 0;
} else {
forward() ;
int steps = 0;
backward () ;

(P return 1;}
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The Story Continues

Object
Land

DistanceWorld DistanceBuggle

position

heading

color

brushDown

Execution
Land

‘Iﬂ'rUM)

((DBD.brushup () ;

this diana

DistanceBuggle diana = I 7

System.out.println (. stepsToWall()) ;

stepsTowall();

stepsToWall();

steps I:]

thi

steps I:] this

if (false){ if (false){
return 0; return 0;

} else { } else {
forward() ; f forward() ;

int steps = stepsToWall ()| [»int steps = 1;
backward () ; backward () ;

return l+steps;} return l+steps;}
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About to Return Again

Object
Land

DistanceWorld DistanceBuggle

position

heading

color

brushDown

Execution
Land

‘Iﬂ'rUM)

this

diana

DistanceBuggle diana = I 7

(05D . brushup () ;
System.out.println (. stepsToWall()) ;

stepsTowall();

stepsToWall();
i steps

thi steps I:] this

if (false){ if (false){
return 0; return 0;

} else { } else {
forward() ; f forward() ;

int steps = stepsToWall ()| int steps = 1;
backward() ; backward() ;

return l+steps;} »return 2;}
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Saving Another Subproblem Solution

Object bi

Land _ e

stanceWorld DistanceBuggle

heading

color

brushDown

»run()

Execution

Land DistanceBuggle diana = mew DistanceBuggiet)+

((DBD.brushup () ;
System.out.println (. stepsToWall()) ;

this diana

stepsToWall(); /

if (false){
return 0;

»>int steps = 2;

steps I:]

this
} else {
forward() ;

backward () ;
return l+steps;}
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The F

inal Return

Object
Land

DistanceWorld DistanceBuggle

_ e

heading

color

brushDown

Execution
Land

»run()

this diana
DistanceBuggle diana = mew DistanceBuggilet);

(05D . brushup () ;
System.out.println (. stepsToWall()) ;

stepsToWall(); /

this steps

if (false){
return 0;
} else {
forward() ;
int steps = 2;
backward() ;

> return 3;}
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About to Display the Answer

Object DistanceWorld DistanceBuggle
Land _ position
veing >
color

brushDown
»run()
Execution fhis dlona
Land DistanceBuggle diana = I
((DBD.brushup () ;
P System.out.println(3);
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dropInt(int n)

The dropInt() buggle method is useful for
debugging buggles that count.

public int dropInt(int n);
Drops the integer n in the current cell
and returns this integer.

Note that dropInt() both performs an action
(drops an integer) and returns a value (the integer dropped).

dropInt(17)

>
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dropStepsToWall()

> —p

public int dropStepsToWall() {

if (isFacingWall) {
return dropInt(0);

}else {
forward();
int steps = dropStepsToWall();
backward();
return dropInt(1+steps);

}

}
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bush() : A Variation of tree()

bush() is a variation of tree() which
(1) does not have a levels parameter
(2) will not draw a branch shorter than 10 and
(3) shrinks the left branch by an extra shrink factor.

public void bush(double length, double angle, double shrink) {
if (length < 10) {

// do nothing "
}else { » /%

fd(length);

rt(angle);

bush(shrink*length, angle, shrink);
[t(2*angle)

bush(shrink*shrink*length, angle, shrink);
rt(angle);

bd(length);

o]
$r

120

) bush(120,45,0.5) &
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Some Examples of bush()

bush (150, 30,0.82)

LRl

/ bush (250, 90,0.75

)P
Tl

il
i

e,
il

2l

P—Pﬂt

H
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Making bush() Fruitful

How could we modify the bush() method to return the number of
branches drawn in addition to drawing the branches?

public|int|bush(double length, double angle, double shrink) {
if (length < 10) {

Qe
}else {

fd(length); oI\
rt(angle); @
bush(shrink*length, angle, shrink);
It(2*angle)
bush(shrink*shrink*length, angle, shrink);
rt(angle);
bd(length);
]r‘e’rurn .‘\
}
} bush(120,45,0.5) &
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A Tree of Execution Frames ~ — -------==--=== _____

RGN
rt(45);

1
Pre(as)y;  — .0V
for‘ buSh(lZO 45 O 5) | int R = [bush(7.5,45,0.5); 0|
‘ o~ | 1£(90) ;
) int L = [bush(3.75,45,0.5) /] 0|
rt(as); Al 2
ey e o
e ey
L ==—= _— -
____________ 1
Foo T TEST e I £4(30) ; ":I
| £a(s0); RE L oyl re(as) ; '
rt(45); A7) int R =[bush(15,45,0.5);] 0
I int R =|bush(30,45,0.5) ;[ 2] 1 1£(90) ; 1
1 1e(90); I | int L =[bush(7.5,45,0.5) ] 0|
| int L =[bush(15,45,0.5) ] 1| ot (45) ; .
S rao) VI
1 P80 ret“rnmz [ Pt
rewmfTrivle  Pegretrblarreadz
_______ — et
: f‘ig:; return 0;
3 re(as); LA L4 Wy 25T
£d(120) ; REl L El i | int R =[bush(7.5,45,0.5); | 0
rt(45) ; | 16000) 7
i:?;;)‘ [bush(60,45,0.5) ]4 ) int L =[push(3.75,45,0.5); | 0I _____ .
int L = [bush(30,45,0.5) 12 | ;EE;’:; I"A{ return 0; |
s ppags. b oo
bd (120) ; B g B
et TR 7 N dvdtidudiliplipivdudydpiod
AT A
1 rt(45) - iei“r_“_o’_l
1 | int R =[bush(7.5,45,0.5) ;] 0|

£4(30) ; L El W 1E(00) ;

1
I res); ) ane 1 - eeR75,45,0.517] 0]
| int & <[pusn(i5,45,0.5 ] 1 -
| g tt@s);
] 1£(90) ; 1 bd (15) ; TA return 0; 1
pint & -EERO 585,050 | 1 Tt T TR 1 I
| TE(45); B I T e P 1
Ibd(EO) 1 F-—--n
yreomfrnir]2 | Zetemn 0 Fruitful recursion 12-27

upperRightRepeat()

Suppose we are given:

public Picture upperRight(Picture p);

Our goal is to generate pictures composed out of recursive
nestings of upperRight():

leaves upperRightRepeat  upperRightRepeat upperRightRepeat upperRightRepeat upperRightRepeat

(0, leaves) (1,leaves) (2,leaves) (3.leaves) (4,leaves)
/7]
”, wl
| | |
triangles upperRightRepeat  upperRightRepeat ypperRightRepeat UpperRightRepeat upperRightRepeat

(1,triangles)

(3.triangles)

(0, triangles) (2,triangles)

(4,triangles)
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Divide, Conquer, and Glue

Problem DIVIDE Subproblem
upperRightRepeat - upperRightRepeat
(4,triangles) (3.triangles)

GLUE

lCONQUER
</

/

Subsolution

Solution

triangles Fruitful recursion 12-29

Method Declaration

Parameters
public Picture upperRightRepeat ( and Er_l}elr T)ypes )
if any
{ When does the
if recursion ) { // base case

bottom out?
And what do we do
when it does?

} else { // recursive case
What recursive call(s)

are made and how
are the result(s) glued together

Fruitful recursion 12-30
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Fleshing Out the Skeleton

public Picture upperRightRepeat ( )
{
if ( ) { // base case
} else { // recursive case
}
}
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JEM for upperRightRepeat(3, triangles)

Object
Land

Execution

Land .upperRigh‘rRepeaT(3, )
this levels P

—p if (levels<=0) { // base case
return empty();
} else { // recursive case
Picture sub = upperRightRepeat (levels-1,p);
Picture URsub = upperRight (sub) ;
return overlay (URsub, p);
}
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Enter upperRightRepeat at levels 2

Object

Land

Execution

Land .upperRigh‘rRepeaT(3, )

.upperRigh‘rRepeaT(Z, )

J <D
thls levels P sub

if (false) { // base case
return empty () ;

else { // recursive case

» [j
this levels P
b A

—» if (levels<=0) { // base case
return empty () ;
} else { // recursive case

Picture sub = upperRightRepeat(2, )

Picture URsub = upperRight (sub) ;
return overlay (URsub, p);

> Picture sub = upperRightRepeat(levels-1,p);
Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
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Enter upperRightRepeat at levels 1

Object

Land

Execution

Land .upperRigh‘rRepeaT(3, )

.upperRigh‘rRepeaT(Z, )

J <D
thls levels P sub

if (false) { // base case
return empty () ;

else { // recursive case

» [j
this levels P sub I:]
b A

if (false) { // base case
return empty () ;

else { // recursive case

Picture sub = upperRightRepeat(2, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);

> Picture sub = upperRightRepeat(l, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
}

.upperRigh‘rRepeaT(l, )

D
this levels P
—-»if (levels <= 0) { // base case
return empty () ;

else { // recursive case

Picture sub = upperRightRepeat(levels-1,p);
Picture URsub = upperRight (sub) ;

return overlay (URsub, p);
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Enter upperRightRepeat at levels O

Object
Land

Execution
Land

.upperRighTRepeaT(3, )

.upperRighTRepeaT(Z, )

4D @)
thls levels P sub

if (false) { // base case
return empty () ;

else { // recursive case

=
this levels P -I sub |:|
AN ~

if (false) { // base case
return empty () ;

else { // recursive case

Picture sub = upperRightRepeat(Z, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
}

» Picture sub = upperRightRepeat(l, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
}

.upperRighTRepeaT(O, )

.upperRighTRepeaT(l, )

te[(ew] severe [0 ] 2| Ce)
thls levels P
—p if (levels <= 0) { // base case
return empty () ;

else { // recursive case

Picture sub = upperRightRepeat (levels-1,p);
Picture URsub = upperRight (sub) ;
return overlay(URsub, p);

' D
this S / levels P sub

if (false) { // base case
return empty () ;

else { // recursive case

Picture sub = upperRightRepeat(O,@ —
Picture URsub = upperRight (sub) ;

return overlay(URsub, p);
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Return from upperRightRepeat at levels O

Object
Land

Execution
Land

(=Pw).upperRightRepeat (3 )

(&°w).upperRightRepeat (2 )

this - levels P sub |:|

if (false) { // base case
else { // recursive case

levels sub |:|
else { // recursive case

return empty () ;

Picture sub = upperRightRepeat(Z, )
Picture URsub = upperRight (sub) ;

return overlay(URsub, p);

if (false) { // base case

return empty () ;

> Picture sub = upperRightRepeat(l, )
Picture URsub = upperRight (sub) ;

return overlay(URsub, p);

(RPw).upperRightRepeat(0,(PD) )

.upperRighTRepeaT(l, @)

levelslzl P

if (true) { // base case
—§ return H
} else { // recursive case
Picture sub = upperRightRepeat (levels-1,p);
Picture URsub = upperRight (sub) ;
return overlay (URsub, p);

this levels P sub

if (false) { // base case
return empty () ;

else { // recursive case

Picture sub = upperRightRepeat(O, )—;—I

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
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Name the Subsolution

Object
Land

Execution
Land

(=Pw).upperRightRepeat (3 )

(&°wW).upperRightRepeat(2,(PD) )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub = upperRightRepeat(2, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);

levels sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub = upperRightRepeat(l, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
}

.upperRigh‘rRepeaT(l, @)

this levels P sub

if (false) { // base case
return empty () ;
} else { // recursive case

—p Picture sub = ;
Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
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Squeeze the Subsolution to the Upper Right

Object
Land

Execution
Land

(=Pw).upperRightRepeat (3 )

(&°wW).upperRightRepeat(2,(PD) )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub = upperRightRepeat(2, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);

levels sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub = upperRightRepeat(l, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);
}

.upperRigh‘rRepeaT(l, @)

this levels P sub

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub = @ ;
—P Picture URsub = upperRight (sub) ;
return overlay (URsub, p);
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Perform the overlay

Object

Land - . D) .

Execution

Land .upperRigh‘rRepeaT(3 )

(&°wW).upperRightRepeat(2,(PD) )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

levels sub I:]

if (false) { // base case
return empty () ;

} else { // recursive case

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);

Picture sub = upperRightRepeat(2, ‘ )

Picture sub = upperRightRepeat(l, . )
Picture URsub = upperRight (sub) ;

return overlay(URsub, p);
}

.upperRigh‘rRepeaT(l, @)

this levels P sub

if (false) { // base case
return empty () ;

URsub

} else { // recursive case
Picture sub = ;
Picture URsub =

—¥ return overlay (URsub, p) ;

}
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Return from upperRightRepeat at levels 1

Object

Land - . D) . .

Execution

Land .upperRigh‘rRepeaT(3 )

(&°wW).upperRightRepeat(2,(PD) )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub = upperRightRepeat(2, ‘ )
Picture URsub = upperRight (sub) ;
return overlay(URsub, p);

levels sub I:]

if (false) { // base case
return empty () ;

else { // recursive case

Picture sub = upperRightRepeat(l, . )
Picture URsub = upperRight (sub) ;

return overlay (URsub, p);

}

.upperRigh‘rRepeaT(l, @)

this levels P sub

if (false) { // base case

return empty () ; URsub

} else { // recursive case
Picture sub =
Picture URsub

—» return H

}
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Name the Subsolution

Object
Land

Execution
Land

(ePw).upperRightRepeat(3,(PD) )

(&°w).upperRightRepeat (2 )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

Picture URsub = upperRight (sub) ;
return overlay (URsub, p);

Picture sub = upperRightRepeat(2, . )

this levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

—» Picture sub =
Picture URsub = upperR.Lght(sub)
return overlay(URsub, p);

}
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Squeeze the Subsolution to the Upper Right

Object
Land

Execution
Land

& B B B

(ePw).upperRightRepeat(3,(PD) )

(&°wW).upperRightRepeat(2,(PD) )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub = upperRightRepeat(2, . )
Picture URsub = upperRight (sub) ;

return overlay(URsub, p);

this levels P

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub =
— Picture URsub = upperR.Lght(sub);
return overlay(URsub, p);
}

Fruitful recursion 12-42
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Perform the Overlay

Object
Land

Execution
Land

DD D D D ®

(ePw).upperRightRepeat(3,(PD) )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

- levels P sub

if (false) { // base case
return empty () ; URsub
} else { // recursive case
P Picture sub =

Picture sub = upperRightRepeat(2, )

Picture URsub = upperRight (sub) ;
return overlay (URsub, p);

Picture URsub = ;
— return overlay(URsub, p);

}

Fruitful recursion 12-43

Return from upperRightRepeat at levels 2

Object
Land

Execution
Land

(ePw).upperRightRepeat(3,(PD) )

(&°wW).upperRightRepeat(2,(PD) )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

this levels P sub

if (false) { // base case
return empty () ; URsub
} else { // recursive case
P Picture sub =

Picture sub = upperRightRepeat(2, )

Picture URsub = upperRight (sub) ;
return overlay(URsub, p);

Picture URsub =.
—» return ;

}

Fruitful recursion 12-44
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Name the Subsolution

Object

Land-...

Execution

Land .upperRighTRepeaT(3, )

this - levels P sub I:]

if (false) { // base case
return empty () ;
} else { // recursive case

—» Picture sub =
Picture URsub = upperR.Lght(sub)
return overlay(URsub, p);
}

Fruitful recursion 12-45

Squeeze the Subsolution to the Upper Right

Object

Land-..’..

Execution

Land .upperRighTRepeaT(3, )
this - levels P sub

if (false) { // base case
return empty () ;
} else { // recursive case

Picture sub =
—» Picture URsub = upperR.Lght(sub)
return overlay(URsub, p);
}

Fruitful recursion 12-46
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Perform the Overlay

Object
Land

Execution
Land

..O

(ePw).upperRightRepeat(3,(PD) )

this - levels P sub

if (false) { // base case

return empty () ; URsub
} else { // recursive case

Picture sub =

Picture URsub = ;

~—» return overlay(URsub, p);
}

Fruitful recursion 12-47

Return from upper‘Righ‘rRepeaT(3,’rr'iangles)

Object
Land

Execution
Land

(ePw).upperRightRepeat(3,(PD) )

this - levels P sub

if (false) { // base case

return empty () ; URsub

} else { // recursive case
Picture sub =

Picture URsub = ;
—» return ;

}

Fruitful recursion 12-48
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RecursivePictureWorld

( upperRightRepeat(3, triangles))

Fruitful recursion 12-49
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